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Model of K-edge absorption in a hot, dense plasma

J. Al-Kuzee,1 T. A. Hall,1 and H-D. Frey2
1Department of Physics, University of Essex, Colchester CO4 3SQ, United Kingdom

2Max-Planck-Institut fu¨r Quantenoptik, D-85748 Garching, Germany
~Received 6 November 1997; revised manuscript received 2 February 1998!

A theoretical model for the calculation of the shape and position of theK-shell absorption edge in a hot,
dense plasma is described. In the model, degeneracy and continuum lowering contributions due to free elec-
trons are treated as perturbations on the continuum and the bound state. The effect of fluctuations is taken into
account by the use of the first neighbor distribution function which is used to form the weighted average of the
spectrum due to the first shell of ions surrounding the central ion. The model is used to predict the shape of the
aluminumK-absorption edge over a range of compression ratios from 1 to 8 and temperatures from 1 to 25 eV.
It is found that, at modest temperatures and densities, the shift is compression dependent rather than tempera-
ture dependent, whereas the width of theK edge is temperature dependent rather than compression dependent.
Under more extreme conditions both the shift and the width become dependent on both the temperature and the
density. The results for the shift from our model are compared with other theoretical models.
@S1063-651X~98!01206-9#

PACS number~s!: 52.25.Nr, 52.50.Lp, 31.15.Bs, 32.30.Rj
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I. INTRODUCTION

Early experimental results to measure the shift of an
sorption edge in a dense plasma were reported by Bra
et al. @1#. The structure and position of theK edge of chlo-
rine were observed when a layer of KCl was preheated
several eV and compressed by a strong shock to sev
times solid density.

Godwal and Lee@2# presented a theoretical model for th
calculation of the shift of theK edge in a dense plasma. I
their model, degeneracy and continuum lowering contri
tions due to free electrons and neighboring ions were tre
as perturbations on the continuum and bound states. T
contributions were evaluated using first-principles solid st
methods. Their model was used to interpret recently
served shifts in theK-edge energy in shock-compressed a
minum @3#.

In dense plasmas the ions are strongly correlated@4,5# and
we need to consider the form of the radial distribution fun
tion @6–9# which describes the local structure around a giv
ion ~short-range order!. There are three factors which con
tribute to the shift of theK edge. When the outer electron
are ionized, the shielding of the core electrons is reduced
the K-shell electron energies are shifted. This factor can
calculated accurately using Hartree-Fock methods@10#. The
second factor is due to the degeneracy or partial degene
of the free-electron states, and, as a consequence, ther
lower probability ofK electrons being excited into one of th
states above the Fermi energy. This contribution can be
pressed analytically. The third factor arises from the red
tion of the ionization level by the electric field due to su
rounding plasma electrons and ions~plasma shift!. This
factor is the least well understood, and was dealt with
Stewart and Pyatt@11# using a model based on the Thoma
Fermi ~TF! model@12,13#. The TF model is an average ato
model, and, because of this, it can not directly predict
effect of the fluctuations within the plasma.

In our model we consider the state of a local ion. T
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Thomas-Fermi model is used to calculate the ionization o
local ion with a particular interionic spacing. From this, th
K-shell energies for an isolated ion and the plasma edge
for that ion are then calculated. This process is repeated f
distribution of ions with different interionic spacings. Th
distribution of ions is the nearest neighbor distribution d
rived from the one component plasma~OCP! model. The
total absorption edge is then calculated by weighting
K-shell energy shift and the plasma edge shift with this d
tribution of ion spacings. Finally, the free electron density
calculated using the weighted local ion distribution, and
degree of degeneracy and its effect on the absorption ed
incorporated.

II. MODEL

The TF average atom model was developed by More@14#,
and provides a general framework for calculating proper
of matter at high density and temperature. It is well suited
the treatment of heavy atoms having many thermally exc
bound electrons. In addition, the self-consistent-field~SCF!
method incorporates the main density effects: pressure
ization, short-range ion screening, and the possible deg
eracy of free electrons. The atom is represented as a p
nucleus located at the center of a spherical cavity of radiua,
in a continuous background of a positive charge. The ca
radius is fixed by the material density. The electron distrib
tion is calculated from a self-consistent average poten
and the chemical potential is chosen so that the spher
electrically neutral. If the exterior positive charge is exac
equal to the exterior electron density, then the potential v
ishes for allr>a. This stronger boundary condition is als
sometimes called the ion sphere model. The SCF, ave
atom model assigns a fractional occupation to each o
electron state according to the Fermi-Dirac statistics of n
interacting electrons.

For a plasma with density (r53/4pa3), temperatureT,
7060 © 1998 The American Physical Society
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57 7061MODEL OF K-EDGE ABSORPTION IN A HOT, DENSE PLASMA
and average ionization stateZ* , the K-edge energy is de
fined as

E1~r,T!5E0~Z* !1DE1~r,T!1DEdeg~r,T!. ~1!

The first termE0(Z* ) is the averageK-shell ionization
energy of an isolated ion with chargeZ* . The continuum
lowering contribution,DE1(r,T), represents the change
the energy of the bound-electron state due to screening o
ion core by neighboring free electrons and ions. Finally,
degeneracy termDEdeg(r,T) represents the energy of a fre
electron due to partial degeneracy and interactions with o
electrons and ions.

The first step toward calculating theK-edge energy re-
quires the determination of the average ionization stateZ* of
the plasma at a given density and temperature. Severa
tempts have been made to calculate the average ioniza
stateZ* , such as the augmented-plane-wave method@15#,
and the complete screened Coulomb potential ioniza
equilibrium equation of state form of the modified Saha io
ization theory@16#.

In the present work we initially follow the work of Stew
art and Pyatt@11#, whose basic equation for the potenti
distribution, in dimensionless form, is

1

x

d2

dx2 ~xy!5
1

Z* 11 FF1/2~y2h!

F1/2~2h!
2exp~2Z* y!G , ~2!

wherey5eV/kT, e is the electronic charge,V is the elec-
trostatic potential as a function of distancer , x5r /D, D is
the Debye length including ions and electrons,h is the de-
generacy parameter, andF1/2(2h) and F1/2(y2h) are the
complete Fermi-Dirac functions:

F1/2~2h!5E
0

` t1/2dt

et1h11
, F1/2~y2h!5E

0

` t1/2dt

et1h2y11
.

Stewart and Pyatt did not treat the ion whose nucleusZ
entirely by the TF model in order to isolate and evaluate
effect of the free electrons and neighboring ions on the
tential distribution. Since the density distribution of the
perturbers depends somewhat on the bound-electron dist
tion, they assumed a bound-electron distribution in orde
find the free-electron distribution and the neighboring i
distribution. Having done so by means of the TF mod
which approximates the average bound-electron distribut
they applied this same perturbing potential to better mod
for the unperturbed bound-electron states, such as thos
the isolated ion.

The perturbing potentialfs also satisfies Poisson’s equ
tion, in which only the free-electron and ion densities appe
In dimensionless form this equation is

1

x

d2

dx2 ~xf!5
1

Z* 11 FF1/2~y2h,y!

F1/2~2h!
2exp~2Z* y!G ,

~3!

where f5efs /kT and F1/2(y2h,y) is the incomplete
Fermi-Dirac function
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F1/2~y2h,y!5E
y

` t1/2dt

et1h2y11
.

The integration of the right hand side of Eq.~3! over x
from zero to infinity gives the quantum mechanical expec
tion value, averaged over the orbital from which the electr
is being removed, and the lowering ionization potent
DE1(r,T) can be measured by this quantity in units ofkT as
follows:

DE1~r,T!52
1

Z* 11 E
0

`FF1/2~y2h,y!

F1/2~2h!

2exp~2Z* y!Gx dx. ~4!

Unlike Stewart and Pyatt, we do not describe the io
ni(x) by nonrelativistic Maxwell-Boltzmann statistics, but i
terms of the radial distribution functiong(x), assuming that
the ion density is given byni(x)5rg(x), and the electron
density is given byne(x)5Z* ni(x). Since the density dis-
tribution of these perturbers depends on the bound-elec
distribution, we must assume a bound-electron distribution
order to find the free-electron distribution. Having done
by means of the TF model, which approximates the aver
bound-electron distribution, we may apply this same pertu
ing potential to better models for the unperturbed bou
electron states, such as those of the isolated ion. Then Eq~4!
can be rewritten as

DE1~r,T!52
kT

Z* 11 E
0

`FF1/2~y2h,y!

F1/2~2h!
2g~x!Gx dx.

~5!

The authors of Ref.@13# reported another form of TF
model which includes the electron density only as follow

1

s

d2b

ds2 5F1/2S b

s D , ~6!

where s5r /c, c5@h3/„32p2e2m(2mkT)1/2
…#1/2, b/s

5(eV/kT)2h, andF1/2(b/s) is the complete Fermi-Dirac
function. Using this transformation, Eq.~5! can be written in
a more convenient form by making the substitutions

x5
cs

D
,

y5
b

s
1h, ~7!

and

bs5~f2h!s,

whereD5@kT/„4pe2ne(`)…#1/2, bS is the normalized per-
turbing potential which satisfies a Poisson’s equation
which only the free-electron density appears@13#, ne(`)
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5@2(2pmkT)3/2/h3#@2F1/2(2h)/p1/2# is the free-electron
density@11#, and the ratioc2/D25F1/2(2h). Then Eq.~5!
can be rewritten as

DE1~r,T!52
kT

Z* 11 E
0

`

@F1/2~b/s,b/s1h!

2F1/2~b/s!g~s!#s ds. ~8!

Finally, the degeneracy termDEdeg(r,T) represents the
partial degeneracy of the free-electron state close to the
ization energy@17#. This term is computed by

DEdeg~r,T!52S b0

b D kT, ~9!

whereb0 is the value ofb at the boundarys5b ~a5cb is
the atomic radius!. Then theK-edge energyE1(r,T) can be
given by Eq.~1! for various ionization stages.

The shape of theK edge can be found by averaging th
absorption spectrum of the first shell ions around the cen
ion. In order to do this we must first find the first neighb
distribution functionW(r ). This can be found from the ra
dial distribution functiong(r ) which, in turn, is found from
the OCP model.

The OCP model is characterized by the Coulomb c
pling parameterG5(Z* e)2/akT. From the TF model, the
average ionization stateZ* can be calculated for a give

FIG. 1. Radial distribution functionsg(x) and the first neigh-
boring ionsW(x) for T51 eV for G5200 and 475.

FIG. 2. Continuum lowering energy as a function of compr
sion for T51, 10, and 25 eV.
n-

al

-

density and temperature; then the value ofG can be calcu-
lated. The radial distribution functiong(x) for values ofG
from 0.05 up to 160 were obtained from the tabulated Mo
Carlo OCP values given in Refs.@7# and@8#. For values ofG
above 160, the values ofg(x) were obtained from hypernet
ted chain solutions to the OCP model given in Ref.@9#.

The absorption spectrum is given by

m~a,T!5n~a,T!s~Ex ,a!, ~10!

where m(a,T) is the absorption coefficient,n(a,T) is the
overall ion density, ands(Ex ,a) is the absorption cross sec
tion for a single ion; and

n~a,T!5rW~r !, ~11!

where W(r ) is the nearest neighbor distribution functio
The distribution of neighboring ionsP(r ) can be written as

P~r !dr54prg~r !r 2dr. ~12!

Then the first neighbor distribution is given by Mihala
@18# as

W~r !dr5P~r !drF12E
0

r

W~z!dzG . ~13!

By differentiation and resubstitution, we find

-

FIG. 3. Degeneracy term as a function of compression foT
51, 10, and 25 eV.

FIG. 4. K-shell ionization energy of an isolated ion as a functi
of the average ionization state.
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57 7063MODEL OF K-EDGE ABSORPTION IN A HOT, DENSE PLASMA
W~r !5CH 4prg~r !r 2expF24prE
0

r

g~r !r 2drG J 5CW̄~r !,

~14!

where the constantC is given by

E
0

`

W~r !dr5CE
0

`

W̄~r !dr51. ~15!

The single ion absorption cross sections(Ex ,a) can be
defined by

s~Ex ,a!5s01q„Ex ,E1~r,T!…Ds, ~16!

where s0 is the initial value of the cross section, an
q„Ex ,E1(,T)… is the correction factor to theK edge for the
degeneracy@19#, which is equal to

q„Ex ,Ek~r,T!…5
1

F11expS Ex2E1~r,T!

kT D G , ~17!

whereEx is the x-ray energy.
Then Eq.~10! can be written as

m~a,T!5rW~r !s01@rW~r !q„Ex ,E1~r,T!…Ds#.
~18!

FIG. 5. Shows the absorption spectrum of theK edge forT
51 eV and compressions of 1, 3, and 5.

FIG. 6. Absorption spectrum of theK edge forT55 eV and
compressions of 1, 3, and 5.
The real value of the absorption coefficient is given
integrating the termm(a,T) over a range of distance (r ,r
1dr) and weighted withW(r ) as follows:

mcoef~a,T!5

E
0

r

m~a,T!d3r

E
0

r

W~r !d3r

. ~19!

Thus the shape and width of theK edge can be calculate
for a given temperature and density.

III. RESULTS AND DISCUSSION

For any given radial distribution functiong(x), we can
find a unique function for the first neighboring ionsW(x).
Figure 1 shows an example of the variation ofg(x) and
W(x) as a function of the normalizedx for a given value of
G. This can be used for the calculation of the width of theK
edge.

Results of our calculations of the continuum lowerin
term DE1(r,T), the degeneracy termDEdeg(r,T), and the
K-shell ionization energy of an isolated ions of aluminum
a function of the average ionization stateE0(Z* ) are shown
in Figs. 2, 3, and 4. These figures show that for the range
density and temperature considered, the continuum lowe
contribution varies only slightly with temperature but vari
strongly with density, whereas the degeneracy contribut
increases with density but shows more dependence on

FIG. 7. Shift of theK edge as a function of compression forT
51, 10, and 25 eV.

FIG. 8. Width of theK edge as a function of compression fo
T51, 5, 10, and 25 eV.
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7064 57J. AL-KUZEE, T. A. HALL, AND H-D. FREY
perature. The increase in bothDE1(r,T) and DEdeg(r,T)
with temperature can be attributed to the increase in the
erage ionization stateZ* , which can lead to dramatic in
crease in theK-shell energy. The increase ofDE1(r,T) and
DEdeg(r,T) with temperature can also be attributed to t
increase of the shift as we follow Eq.~1!.

The calculated absorption spectrum of the aluminumK
edge forT51 and 5 eV, and for compressions of 1, 3, and
is presented in Figs. 5 and 6. These two figures show
changes in the shift and the width of theK edge with the
temperature and the compression.

Figure 7 shows the shift of theK edge versus compres
sion for these values of temperature. TheK edge is shifted to
the blue at high temperature and low compressions,
tends to shift toward the red as the compression incre
and the temperature decreases. This happens due to the
of the chemical potential from positive at low compression
negative at higher compression. The increase of the temp
ture leads to an increase in the value of the average ion
tion state, which, in turn, results in a higher value ofK-edge
energy for an isolated aluminum ion.

The effect of the temperature on the width of theK edge
is larger than the effect of the compression. The increas
the temperature produces a wider peak of the first neigh
ing ions, and that leads to a larger value of the width. Figu
8 and 9 show that the width of theK edge is strongly tem-
perature dependent rather than compression dependent.

FIG. 10. Comparison between our model and the Godwal
Lee model@2# for the K-edge shift vs compression.

FIG. 9. Width of theK edge as a function of temperature f
compressions of 3, 5, and 7.
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Figure 10 shows a comparison of theK-edge shift be-
tween this model and Godwal’s and Lee’s model@2# over a
range of compression ratios from 1 to 3.3 and a tempera
of 1 eV. The shift predicted by our model is approximate
half that predicted by the model of Godwal and Lee over
range of their results.

The model has been used to predict the shift and width
the absorption edge in experiments carried out by Hallet al.
in Paris @20#. In this experiment, a thin aluminum layer
sandwiched between two plastic tamper layers. The alu
num is compressed by laser driven shock waves driven f
either side in the plastic layers, so the shock waves collid
the aluminum. A synchronized short pulse laser is incid
on a uranium target to produce a continuum x-ray ba
lighter source around theK-absorption edge of the alumi
num. The absorption spectrum is obtained using a thalli
acid phthalate~TlAP! flat crystal spectrometer and recorde
on an x-ray charge coupled detector~CCD! camera~full de-
tails of the experiment are given in Ref.@20#!. The compres-
sion and temperature at the time of measurement can
changed by varying either the laser shock drive energie
the relative timing of the shock drive and backlighter puls
Results for the shift and the width for both the model and
experiment are shown in Fig. 11. The experiment was o
able to achieve maximum compressions'32 and tempera-
tures of'1 eV, but within this range the agreement betwe
experiment and model for both the shift and the width
excellent.

IV. CONCLUSIONS

By determining the absorption spectrum of individu
ions and using a local ion distribution function, we have be
able to show that it is possible to predict both the shift a
shape of the absorption edge of aluminum, unlike previo
models which have only been able to predict the shift. It
shown that by measuring both the shift and width of t
absorption edge, an independent measurement of the de
and temperature of the plasma can be made. The shift o
edge predicted by this model has been compared with e
d

FIG. 11. Comparison of the experimental results~d andj! and
the results of the model~continuous lines! plotted against compres
sion.
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57 7065MODEL OF K-EDGE ABSORPTION IN A HOT, DENSE PLASMA
ing models such as Godwal and Lee@2# under similar cir-
cumstances, and, while the same general form of the sh
found, in our case the shift is about half of that predicted
Ref. @2#. However, the strength of our model lies particula
in its ability to predict the shape and position of the abso
tion edge over a large range of compressions and temp
ture.
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